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Abstract

Being able to predict changes in Bitcoin prices is purportedly a boon for risky investors,
more so, if the forecasts are largely unconditional and can only be explained by the series’
own historical trajectories. Although memory dynamics have been exploited in forecasting
changes in prices, Bitcoin markets pose additional challenges, because the lack of proper
financial theoretic model limits the development of adequate theory-driven empirical
construct. In this paper, we propose a class of autoregressive fractionally integrated
moving average (ARFIMA) model with asymmetric exponential generalized autoregressive
score (AEGAS) or exponential GAS with leverage effect (EGAS-L) errors to accommodate
a complex interplay of ‘memory’ to drive predictive performance (an out-of-sample
forecasting). Our conditional variance includes leverage effect, jumps and fat tail-skewness
distribution, each of which affects magnitude of memory the Bitcoin price system would
possess. This enables us to build a true forecast function. We estimate several models using
the Skewed Student-t maximum likelihood and find that the informational shocks, in
general, have permanent effects on Bitcoin price changes. We show that this model has
better predictive performance over competing models. The prediction from this model beats
comfortably the random walk model. Accordingly, we find that the weak efficiency
assumption of cryptocurrency markets stands violated over a long period.

1. Introduction

Why asset cryptocurrency prices fluctuate systematically is a long-drawn
story, having its root in behavioral economics and finance, where agents (investors)
are driven by market sentiments and display a boundedly rational behavior leading to
choices, which are not necessarily optimal. Although cryptocurrencies are yet to own
a definite financial theoretic model, its increasing importance among institutional
investors' nudges its closer to any acceptable financial theory that explains price

https://doi.org/10.32065/CJEF.2026.01.03

* https://www.coindesk.com/rising-institutional-investment-setting-pace-for-future-crypto-growth

54 Finance a uvér-Czech Journal of Economics and Finance, 76,2026 no. 1


https://www.coindesk.com/rising-institutional-investment-setting-pace-for-future-crypto-growth
https://www.coindesk.com/rising-institutional-investment-setting-pace-for-future-crypto-growth
https://www.coindesk.com/rising-institutional-investment-setting-pace-for-future-crypto-growth
https://www.coindesk.com/rising-institutional-investment-setting-pace-for-future-crypto-growth
https://www.coindesk.com/rising-institutional-investment-setting-pace-for-future-crypto-growth
https://www.coindesk.com/rising-institutional-investment-setting-pace-for-future-crypto-growth
https://www.coindesk.com/rising-institutional-investment-setting-pace-for-future-crypto-growth
https://www.coindesk.com/rising-institutional-investment-setting-pace-for-future-crypto-growth
https://www.coindesk.com/rising-institutional-investment-setting-pace-for-future-crypto-growth
https://www.coindesk.com/rising-institutional-investment-setting-pace-for-future-crypto-growth
https://www.coindesk.com/rising-institutional-investment-setting-pace-for-future-crypto-growth
https://www.coindesk.com/rising-institutional-investment-setting-pace-for-future-crypto-growth
https://www.coindesk.com/rising-institutional-investment-setting-pace-for-future-crypto-growth
https://www.coindesk.com/rising-institutional-investment-setting-pace-for-future-crypto-growth

fluctuations. Decades long research and policy practices have led to a sole aim:
understand cryptocurrency price behavior with a robust theory to model and provide
as accurate a prediction as possible. This paper does not intend to dig into the depth of
this black box, rather undertakes a celebrated route held by time series
econometricians: model and study the historical trajectory of the series itself in case
there are no other available information to provide a conditional forecast. We reckon
there are important information available (see for instance, Gillaizeau et al., 2019,
among others) to condition the movement of cryptocurrencies (such as Bitcoin),
however, our sole aim in this paper to provide a better predictive power based mainly
on the modelling of historical path of the series themselves. Our contribution, of
course, is the recognition of an explicit role of ‘memory’ that drives a part of the
volatility.

Memory has an interesting virtue: it is often snared within the complexity of
transient cycles — ones which dominate the real behavior of the series and sets a natural
limit to true predictions. Yi et al., 2019 and Phan et al., 2015 in this journal discuss
(out-of-sample) forecasting performance, where Yi et al., 2019 in particular, adopt
cycle-decomposed predictors to forecast stock prices. Our purpose in this paper is to
introduce a new approach to forecast Bitcoin prices by offering a complex interplay of
‘memory’ and volatility. The forecast performance of our approach is rigorously
compared with competing models and the implications of our model performances are
drawn with regard to investment decisions.

Indeed, Bitcoin price movements, in any country setting, essentially reflects
global movements and co-movements of myriads of factors viz., social, economic,
political, and environmental (such as the effects of weather and sports events on stock
prices). The fact is that investors are predominantly psychology-driven decision-
making agents, where the decisions are invariably derived from the realm of
incomplete information and bounded rationality. This is one of the many imposing
reasons why despite several seminal contributions to the determinants of Bitcoin
prices, the tendency to include newer factors are increasing every day.? A time series
econometrician faces then an upheaval task: to study the series over a stretch of time,
identify a reality-approximating pattern by using state-of-the-art method and produce
a nice predictive performance of the model. Just as Ronald Coase pointed out (in the
above quote), ‘if you torture the data long enough, it will confess’. Indeed, over the
past three and a half decades since Engle (1982) and Bollerslev (1986), financial
economists have moved along the non-stationary econometric trajectories and have
offered numerous powerful competing forecasting models to uncover the real nature
of Bitcoin price movements.

Unfortunately, Bitcoin price are one such financial metrics, which are not
driven by a single event’s momentum only (such as only political uncertainty or
economic prosperity/recession, etc.). Rather, its ever-changing complex core that
attracts anything ‘psychological bound’ of investors means that there is no single
econometric approach that can unravel the real dynamic nature of Bitcoin price
movements. However, amidst all these dynamisms, the best way to understand its
movements is to model its variance as conditional allowing in part, to be determined

2 Some recent research investigates whether win or loss in a big match (such as football or rugby) leads to
a rise/fall in stock prices the next day.
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by past variances and in part, by other factors (the class of Fama-French models, for
instance). In other words, in general Bitcoin prices can reveal some strength in
‘memory’ — an ability of the system to remember past shocks. Finally, all the various
known and unknown factors determining investors’ sentiment also form a complex
non-linear relationship. A preferable approach to produce realistic predictions would
then be to combine both ‘memory’ and ‘non-linearity’ within a single modelling
framework. This paper builds such a framework and aims to provide new insights into
Bitcoin price movements.

At its core, our approach lays emphasis on modelling ‘jumps’ in Bitcoin
prices along with a possible path dependence. Assuming a jump process for Bitcoin
price, we allow random movements of prices at all scales, no matter how small. Such
a model often combines the usual geometric Brownian motion for the diffusion and a
space-time Poisson process for the jumps such that jump amplitudes are uniformly
distributed. Arguably, Bitcoin prices exhibit extreme sensitivity to news, in addition to
of course, the structural changes in financial and economic dynamics. Such a strong
sensitivity can be regarded as response to ‘jumps’ the source of which can be both
endogenous and exogenous. Irrespective of the sources, a jump in Bitcoin prices often
reflects the path dependence nature of the series: to what extent a strong/weak memory
of the system predicts its future movements.

The GARCH specifications, which are based on properties of asymmetry,
nonlinearity, persistence and structural breaks (such as exponential GARCH
(EGARCH): Nelson, 1990 and Threshold GARCH (TGARCH): Glosten et al., 1993
and Zakoian, 1994; the asymmetric power GARCH (APGARCH): Ding et al., 1993;
STGARCH model with regime switching: Hagerud 1997a; Gonzalez-Rivera 1998),
are robust to capture the large changes in financial time series but they are not robust
in modelling and predicting fat tail and skewed data and they do not take into account
the jumps. A lot of research has shown that jumps constitute another fundamental
property in volatility (see for example, Harvey, 2013; Harvey and Sucarrant, 2014;
Yaya et al., 2016; Charles and Darné, 2017; Babatunde et al., 2019). The presence of
jumps in the conditional volatility has important implications for risk management,
portfolio allocation strategy and testing for predictability of market returns.

Due to the presence of occasional jumps, Harvey and Chakravarty (2008) and
Harvey (2013) propose Generalized Autoregressive Score (GAS) models - a class of
observation driven time series models, where the time-varying parameters are
stochastic and functions of lagged dependent values and their past observations. These
models capture occasional jumps in financial time series with symmetric and
asymmetric variants, using the score of the conditional density function to drive the
dynamics of the time-varying parameter (see Creal et al., 2013; Creal et al., 2014). The
distribution of innovations in GAS models are non-normal and the conditional variance
is taken from the conditional score of the distribution with respect to the second
moment of innovations.

The GARCH specification is a special case of GAS model when the density
is normal. If it is not gaussian, the score that drives the model will be dissimilar. Using
a Student-t distribution leads to trim the heavy-tailed observations, whereas using a
GED distribution leads to limit extreme values in the data to reduce the effect of
spurious outliers. The normal score reacts linearly with respect to the residuals and
thus does not have a similar robustness property.
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The GAS models have proved to be more robust in modelling and predicting
fat tail and skewed data (Yaya et al., 2016; Opschoor et al., 2018; Makatjane et al.,
2017). To accommodate conditional asymmetry, leverage effect and heavy tails,
Laurent et al. (2016) propose AEGAS model (also called Beta-Skew-t-AEGARCH),
as an extension to GAS (Creal et al., 2013) by introducing time-varying parameters in
the class of non-linear models with its exponential specification. This new class of
volatility model is robust to outliers and occasional jumps by using the Skewed
Student-t distribution to account for the occurrence of large changes in volatility. In
the AEGAS model, the mechanism to update the parameters over time is provided by
the scaled score of the likelihood function (Tafakori et al., 2018).

For the applications of the GAS models to economic and financial time series
see, for example, Creal et al., 2013 who present two examples to illustrate their GAS
modeling framework based on square root information matrix scaling with Moody's
credit rating data. Thus, Huang et al. (2014) compare the Realized ARCH and Realized
GAS model under Gaussian and t distribution assumptions for the financial return and
daily realized variance. Muela (2015) compares the performance of several Beta-
skewed-t-EGARCH specifications in terms of Value at Risk on eight closing daily
returns.

On the other hand, Koopman et al. (2016) study the forecasting performance
of nonlinear non-Gaussian state-space models, generalized autoregressive score
models and autoregressive conditional moment models for predicting the volatility of
twenty Dow Jones index stocks and five major stock indices over a period of several
years. Olubusoye and Yaya (2016) investigate persistence and volatility pattern in the
prices of crude oil and other distilled petroleum products for the US and the UK
petroleum pricing markets. Whereas, Yaya et al. (2016) estimate volatility in the
Nigerian Stock Market using the Beta-Skew-t-AEGARCH model and compare its
forecasting performance over some other volatility models. Salisu (2016) employs the
Beta-Skew-t-EGARCH framework proposed to model oil price volatility. Makatjane
et al. (2017) empirically investigate the behaviour of the time-varying parameter by
estimating the GAS model to the South Africa Sanlam stock price returns. Miiller and
Bayer (2017) propose a likelihood ratio test to select the Beta-Skew-t-EGARCH model
with one or two volatility components and give an empirical illustration devoted to the
DAX log returns. Charles and Darné (2017) analyze volatility models in the presence
of jumps in two crude-oil markets and evaluate the forecasting performance of the
volatility models using the model confidence set approach, Tafakori et al. (2018)
evaluate the accuracy of several 100 one-day-ahead value at risk (VaR) forecasts for
predicting Australian electricity returns using asymmetric exponential generalized
autoregressive score (AEGAS) models. Troster et al. (2019) perform a general
GARCH and GAS analysis for modelling and forecasting bitcoin returns and risk by
considering heavy-tailed GARCH and GAS models based on the score function of the
predictive conditional density of the bitcoin returns. They compare out-of-sample
Value-at-Risk forecasts under 45 different specifications using three backtesting
procedures. They find that GAS models with heavy-tailed distributions provide the
best out-of-sample forecast and goodness-of-fit properties to bitcoin returns and risk
modelling. Finally, Olanrewaju et al. (2023) present the framework of the Generalized
Autoregressive Score (GAS) model with a variety of symmetric conditional densities
of different time-varying hyperparameters using its score and information functions as
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the compeller of time-variation via hyperparameters of conditional densities. They
show that the GAS model via Asymmetric Student—t is more efficient than the core
volatile conditional heteroscedasticity model of the GARCH via a Gaussian distributed
noise.

These last works ignore the existence of dynamic behavior, especially long
memory, in the conditional mean equation. Several studies find that the return series
exhibit long-range persistence (Granger and Joyeux, 1980; Hosking, 1981; Chikhi et
al., 2013). Combining long memory (ARFIMA) models with asymmetric exponential
GAS (AEGAS) errors would provide a flexible class of model to capture the long
memory structure in the conditional mean and the occasional jumps in the score-driven
volatility, which includes leverage effect and fat tail-skewness distribution. Harvey
(2013), among others specify the GAS models with the heavily tailed and skewed
conditional probability distribution. These models perform better than the classical
GARCH models with larger values of log-likelihoods. Blasques et al. (2014a) and
Lambert and Laurent (2000, 2001) suggest using the maximum likelihood based on
the skewed Student-¢ density proposed by Fernandez and Steel (1998) to estimate this
GAS family of models.

As noted earlier, an imposing characteristic of a conditional volatility model
is its memory characteristics. When the system reveals certain patterns (such as
herding), this means that some time series observations within the price data depict
certain degree of associations (in our case, it can be certain magnitude of dependence
between past and present). Led by this, the main objective of this paper is to propose a
mixture of long memory structure and the occasional jumps, leverage effect and fat
tail-skewness distribution in the daily Bitcoin price returns. Our approach (to be
discussed in Section 2 in details) exploits learning mechanism of the Bitcoin price
system with ‘memory’ and embeds asymmetric nature of shocks on the conditional
volatility of Bitcoin prices.

Our approach — distinct one with regard to the inclusion of ‘memory’, viz.,
the ARFIMA-AEGAS model — is employed to five cryptocurrency markets, such as
AUD (Australian Dollar), CAD (Canadian Dollar), EUR (Euro), GBP (British Pound
Sterling) and USD (US Dollar). To the best of our knowledge, this new model has
never been applied to study the predictability of Bitcoin prices but existing literature
focus on ARFIMA model and GAS models separately (see for example Troster et al.,
2019; Ranjbar, 2020, Jeribi and Ghorbel, 2021; Jiang et al., 2022). Our strategy is thus
to combine and estimate the ARFIMA model with asymmetric exponential GAS
(AEGAS or Beta-Skew-t-AEGARCH) errors using Skewed Student-t maximum
likelihood.

The remainder of this article is organized as follows: Section 2 focuses on
presentation of the ARFIMA-AEGAS model used throughout our study. Section 3
outlines the daily Bitcoin price data and discusses their statistical properties. Our
estimation results are shown in section 4. In section 5, we evaluate the forecasting
performance of best fitting GAS Models in Bitcoin markets, including the long
memory in the conditional mean equation. We thus try to compare the predictive
quality of ARFIMA-GAS, ARFIMA-EGAS, ARFIMA-AEGAS, ARFIMA-GARCH
and ARFIMA-APGARCH models with that of a random walk. The last section
concludes the paper.
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2. Methodology
For the conditional mean, we specify a fractionally autoregressive moving
average (ARFIMA) model (Granger and Joyeux, 1980; Hosking, 1981), defined as
follows
¢(B)Y1-B)' (1, 1) =0(B)e,, & ¥, U D(0,07) )
with g =z0,, 0,>0 2)

7t

where 7,

memory is included in the mean equation (1) through the parameter d with

refers to the stock return series, ¢ is the mean of the series and the long

_ d:w_k ['(d+1) k:_w “e(d)=d, d=ld1—d
=8 =2 fpra—rian & - 2a@stad=d.o(d=7d(-d)

and I'()) is the gamma function. On the other hand, the roots of AR and MA
polynomials ¢(B)=1-4B—¢,B* —...—¢,B" and O(B)=1-0B-0,8"—...—0, B’
in the lag operator B with degrees p and ¢q respectively are outside the unit circle. If
—1/2<d <1/2, the process is stationary and invertible, 0 < d <1/2 means that the
process is stationary long memory and the shocks disappear hyperbolically; if
-1/2<d <0, the process is anti-persistent. It means that the series has a short
memory, no permanent effect and there is a negative dependence between
observations. If 4 =0, the process is stationary and exhibits a short memory structure.
Whereas, the process has a unit root if d=1. ¥, stands for the information set
available at time ¢—1 and the errors &, are assumed to follow the conditional
distribution (D) with zero mean and conditional variance o, whereas the innovations

z, are i.i.d with zero mean and unit variance.

In the conditional variance equation, we retain an asymmetric exponential
generalized autoregressive score (AEGAS(1,1)) specification (Laurent et al. 2016), as
an extension to GAS (Harvey and Chakravarty, 2008; Creal et al., 2013; Harvey, 2013)
by introducing time-varying parameters with its exponential specification,

log O-rz =o+as,  +rl, +¢log O-tz—l A3)

The equation (3) takes into account conditional asymmetry, leverage effect and heavy
tails with @ >0, a,20, ¢ =, +p3 and (s,+D)/(v+1) has a Beta distribution where

a, and P, are the standard GARCH(1,1) parameters. The scaled conditional score s,

is defined as
s =8V 4)

t t t

where S, represents the time dependent scaling, which can be expressed as follows
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S,=E,[vVv.] 5)
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where D(6) is a standardized disturbance density such as normal, Student-t

with v (6)

or skewed Student-t. We note here that no restrictions are placed on parameters in
Equation (3). For normal distribution, the scaled conditional score s, is defined as

s, =z, —1 (7

Note that s, is proportional to the score of the conditional distribution of &£,

with respect to gil . For Student distribution ( z, [ #(0,1,v) ), their expressions are
as follows
2
g =rla ®
v—2+z
For the Skewed Student-t distribution in the conditional variance (see Hansen
1994; Lambert and Laurent 2000, 2001; Theodossiou 2002), z, [1 skT'(0,1,£,v) and

the scaled conditional score is given as

v+l)z,z
s, = ( )thtl -1 )
(v=2)gs"
where the indicator measure asymmetry is defined as follows
I, =sgn(z))=1(z, 20)-1(z <0) (10)
For the symmetric distributions, we have
_ g2
E(I,):1 (’Zz (11)
1+&

For the Skewed Student-t distribution, we have
E(I)=0 (12)

The signum function sgn(,) is an indicator function that returns —1 for

negative input, 0 for zero input, and 1 for positive input and

z, =5z, +m (13)
where 7 and § are the mean and variance of the student distribution, respectively,

defined as
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*2

with S I T (14)
& (V—Z)fy’

where (,g is the asymmetry parameter and Vv is the degree of freedom of the

distribution. Combining (3) with (9) gives the Skewed-Student-t-AEGAS (SKT-
AEGAS) model.

For the Skewed Student-t distribution in the conditional variance (see Hansen
1994; Lambert and Laurent 2000, 2001; Theodossiou 2002), we have

I, =sgn(—z:)(s,+1) (15)

We apply the Skewed Student-t innovation distribution. Its distribution density
is proposed by Fernandez and Steel (1998) to the GARCH framework and extended
by Lambert and Laurent (2000, 2001). Blasques et al. (2014a) present the procedure
for Maximum Likelihood Estimation (MLE) of GAS family models and study its
strong consistency and its asymptotic normality. Consequently, we use the Skewed
Student-t maximum likelihood to estimate an ARFIMA model jointly with AEGAS
(Beta-t-AEGARCH-) errors from this distribution using the BFGS algorithm (Broyden
1970; Fletcher 1970; Goldfarb (1970); Shanno (1970) implemented by Laurent (2013).
This algorithm is generally robust for a large range of unconstrained nonlinear
optimization problems. It approximates the Hessian matrix, which provides
information about the curvature of the log-likelihood function. In practice, BFGS is
flexible to noise and outliers in data, which is crucial for real scenarios in several fields,
such as machine learning. In addition, it achieves super-linear convergence and avoids
the slow computation and storage of the full Hessian matrix, making it appropriate for
large-scale problems. Its efficacy for maximum likelihood estimation is demonstrated
in the literature for several applications (see for example Mai and Bastin, 2014; Yang,
2021, among others). The Skewed Student-t log-likelihood function is written as

L, =T logl"(v—”)—logF(K)—O.Slog[ﬂ(\» —2)J+log 2 +log(s)
2 2 sl

r 2
—0.5; logo; +(1+v)log 1+%§21‘ (16)
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where

1if 2, >-2
I, = § (17)
“1ifz, <-2
S

and optimized with respect to the unknown dynamic parameters, contained in the
vectory' = (d,¢1,...,¢p,6’1,...,6’q,a),a1,}/1,§01,§) and v in the first order model (For

details on skewed Student-t density see Lambert & Laurent (2001) and for the GAS
estimation see Blasques et al. 2014a, 2014b, 2014c).

3. Data

Our database consists of daily Bitcoin prices. The daily Bitcoin price data
considered are AUD (Australian Dollar), CAD (Canadian Dollar), EUR (Euro), GBP
(British Pound Sterling) and USD (US Dollar). The Bitcoin data are gathered from
Coincheck platform (see for instance, Gillaizeau et al., 2019 for details on data
sources). We use Bitcoin prices in five different markets such as Euros (EUR),
Australian Dollars (AUD), US Dollars (USD), Canadian Dollars (CAD), and British
Pounds (GBP). The data sample of these cryptocurrency markets cover a historical
period from June 2018 to June 2024 corresponding to 2193. The data are illustrated in
Figure 1.

Using Bitcoin prices in different currencies gives us additional economic and
market information. Comparing Bitcoin prices in multiple currencies shows which
countries or regions have higher or lower demand. Bitcoin can also act as a mirror for
a country’s currency stability. Moreover, the differences between Bitcoin prices across
currencies or exchanges can highlight arbitrage opportunities, where traders can profit
by buying low in one market and selling high in another. On the other hand, the foreign
exchange fluctuations affect Bitcoin’s perceived value. A weakening currency can
make Bitcoin appear more expensive locally, even if its global price stays the same. It
is worth mentioning that the price gaps can reveal how accessible Bitcoin is in certain
regions. High premiums may appear in countries with capital controls, limited
liquidity, or strict crypto regulations.

As a preliminary check before we estimate our model, we study if the series
are non-stationary in nature or contrastingly, if the series are governed by some
memory. The PP (Philllips and Perron (1988)), KPSS (Kwiatkowski et al., 1992) and
ERS (Elliott et al., 1996) test results displayed in Table 1 show evidence of non-
stationarity. The logarithmic series are therefore differentiated to obtain the daily
percentage Bitcoin returns at time t (see Figure 2)

rr:ln(PI/Pt—l) (18)

where P and P_, are daily Bitcoin price at two successive days ¢ and -1,

respectively.
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Figure 1 Time Series Plots for Bitcoin Prices
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Table 1 Unit Root Test Results

PP (Ho: Unit root) KPSS (Ho: Stationarity) ERS (Ho: Unit root)
Series Logarithmic d’.ﬂl% ‘:g;ce Logarithmic . ﬂl,‘e c;gr-wce Logarithmic . ﬂl,'e c;gr-wce
AUD 1.1490 -49.9595™ 1.0383™ 0.1934 31.1737 0.0225™
CAD 1.0693 -50.0388"™ 0.8159™ 0.1902 29.1109 0.0226™
EUR 1.0168 -49.7337" 0.6889™ 0.1761 28.9197 0.0231™
GBP 0.9591 -49.6792™ 0.5988™ 0.1645 28.1811 0.0226™
us 0.7971 -49.6669™ 0.4762™ 0.1582 25.6844 0.0229™

Notes: The critical values for the PP tests at the 1%, 5% and 10% levels are -2.5660, -1.9409 and -1.6166
respectively. The critical values for the KPSS tests at the 1%, 5% and 10% levels are 0.7390, 0.4630 and 0.3470
respectively. The critical values for the ERS tests at the 1%, 5% and 10% levels are 1.9900, 3.2600 and 4.4800
respectively. *** indicates a rejection of null hypothesis at the 1% level. These three tests are performed using
the Bartlett kernel with Andrews bandwidth.
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Figure 2 Time Series Plots for Bitcoin Returns
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Interesting observations emerge: The Bitcoin return series illustrated in
Figure 2 seem to fluctuate randomly around zero, while the variance varies over
time with the alternation of volatile and tranquil periods. We note some sharp
jumps and volatility clustering in the returns on March 2020 due to the Covid-19
epidemic, which affected the world economy. As shown in Table 2, the Bitcoin returns
AUD, CAD, USD, GBP and EUR show approximately the same risk, as measured by
the standard deviation (3.3997%, 3.4317%, 3.4608%, 3.4459% and 3.4938%
respectively). All series exhibit negative skewness. The observed asymmetry may
indicate the presence of nonlinearities in the evolution process of all returns. In
addition, all series also show excess kurtosis suggesting that the distribution is
leptokurtic and has sharper peaks (fat tails or outliers) than Gaussian distribution. The
Jarque-Bera test (Jarque and Bera, 1987) strongly rejects the null hypothesis of
normality (see also Figure 3). On the other hand, there is an ARCH effect in the data
since the ARCH-LM statistic is greater than the critical value of chi-square
distribution with 1 degree of freedom at 1% for all series.
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Table 2 Descriptive Statistics for Daily Bitcoin Returns

AUD CAD EUR GBP us

Mean 0.0011 0.0010 0.0011 0.0010 0.0010
Std. Dev. (%) 3.3997 3.4317 3.4608 3.4459 3.4938
Maximum 0.1764 0.1701 0.1947 0.1789 0.1718
Minimum -0.4329 -0.4526 -0.4578 -0.4451 -0.4647
Skewness -0.9415™ -1.0513™ -1.0696™ -0.9838™ -1.1041™
Kurtosis 17.9078™ 19.5969™ 19.8973™ 18.5127™ 20.0045™
Jarque-Bera stat. 20622.06™ 25562.26™ 26495.59™ 22332.57" 26854.97"
ARCH(1) 14.775™ 9.4343™ 9.4304™ 17.102"™ 9.5215™

Notes: *** indicates a rejection of null hypothesis at the 1% level. ARCH(1): ARCH-LM statistic with 1 degree of
freedom.

Figure 3 Kernel Density Estimates
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In Table 3, we present the BDS (Brock et al., 1996) statistics to gauge whether
returns are non-linear in nature. As evident, the BDS statistics are strictly greater than
the critical value at 5% for all the embedding dimensions m and thus all returns are
non-linearly dependent. Consequently, we reject the i.i.d hypothesis, indicating that
Bitcoin return series are characterized by the presence of significant non-zero
autocorrelations and can be predicted in the short term but this test cannot test the
presence of significant autocorrelations by considering longer horizons. By estimating
the fractional integration coefficient using the GPH (Geweke and Porter-Hudak, 1983)
method (see Table 3), we note that this is a sign of long memory since the values of

Finance a Gvér-Czech Journal of Economics and Finance, 76,2026 no. 1 65



Student statistic (with a power of m = 0.8) are strictly greater than the critical value
of normal distribution at 1%.

Table 3 BDS Test Results on the Bitcoin Returns

AUD CAD EUR
m m m
Stat. Prob. Stat. Prob. Stat. Prob.
2 6.0869 0.0000 2 5.9202 0.0000 2 6.1311 0.0000
3 7.1609 0.0000 3 7.1769 0.0000 3 7.2116 0.0000
4 7.4468 0.0000 4 7.6269 0.0000 4 7.5305 0.0000
5 8.6800 0.0000 5 8.8839 0.0000 5 8.6677 0.0000
6 9.7234 0.0000 6 9.9697 0.0000 6 9.6030 0.0000
GBP usb
m m
Stat. Prob. Stat. Prob.
2 6.0935 0.0000 2 5.6416 0.0000
3 7.1066 0.0000 3 6.7420 0.0000
4 7.4006 0.0000 4 7.1808 0.0000
5 8.5350 0.0000 5 8.3197 0.0000
6 9.5728 0.0000 6 9.2560 0.0000

Notes: The BDS statistics are calculated by the fraction of pairs method with € equal to 0.7. m represents the
embedding dimension.

It is well known that GPH estimates are highly sensitive to the range of power
values m, outliers and structural breaks, such as Covid-19 or Russo-Ukrainian war,
often leading to an overestimation of the parameter d in such cases. In order to verify
the robustness of the findings, we use the Robinson's Gaussian semiparametric
estimator (Robinson, 1995), Robinson-Henry (Robinson and Henry, 1998) and
Andrews-Guggenberger (Andrews and Guggenberger, 2003) tests. As shown in Table
4, the memory parameter estimated by a Gaussian semiparametric method is positive
and significant between 0 and Y% since the values of Student statistic (with a power of
m=0.8) are greater than the critical value of normal distribution at 1%. The
estimation results are confirmed by the Andrews-Guggenberger and Robinson-Henry
methods. Therefore, the agents can anticipate their returns to a sufficiently long time-
horizon and the return will not revert to its fundamental value, i.e. the price movements
appear as the result of lasting shocks, which affect the cryptocurrency markets.
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Table 4 Results from the ARFIMA(0,d,0) Estimation on Daily Bitcoin Returns

GPH RH
Series
d t-stat. Prob. d t-stat. Prob.
AUD 0.1649 3.2166 0.0013 0.1375 2.7812 0.0054
CAD 0.1617 3.0560 0.0022 0.1385 2.8839 0.0039
EUR 0.1615 3.0500 0.0023 0.1368 2.6410 0.0083
GBP 0.1557 2.7621 0.0057 0.1334 2.9125 0.0036
USD 0.1560 2.5586 0.0055 0.1367 2.7364 0.0062
RGSE AG
Series
d t-stat. Prob. d t-stat. Prob.
AUD 0.3836 11.5426 0.0000 0.3634 9.1595 0.0000
CAD 0.3068 13.8541 0.0000 0.3918 10.4213 0.0000
EUR 0.3873 14.0785 0.0000 0.3308 10.8750 0.0000
GBP 0.3386 12.4518 0.0000 0.3056 8.4267 0.0000
UsSD 0.3534 11.4294 0.0000 0.3769 8.0452 0.0000

Notes: GPH: Geweke-Porter-Hudak. d is the estimated long memory parameter with a power of 0.8. RH:
Robinson-Henry. RGSE: Robinson's Gaussian Semiparametric Estimator. AG: Andrews-Guggenberger
Regression.

4. Estimation Results

In this section, we focus on modelling the dynamics of the return and the
volatility of daily return series using the ARFIMA model jointly with GAS,
exponential GAS, asymmetric exponential GAS, GARCH and APGARCH errors. The
estimation procedure is based on the Skewed Student-t maximum likelihood using the
BFGS algorithm with different lags. As there are some sharp jumps in the volatility, it
will be interesting to take into account this asymmetry in volatility estimation (see
Yaya, 2013; Yaya and Gil-Alana, 2014; Salisu, 2016). For the time dependent scaling
S 3, we use the choice of Harvey and Chakravarty (2008) by setting S =2.To

t
facilitate inference about the null hypothesis of symmetry, we estimate log(¢) . Firstly,
we identify the orders of autoregression and moving average in the ARFIMA model
with different GARCH-type errors using the Schwarz (Schwarz, 1978) and HQ
(Hannan and Quinn, 1979) criteria®. Secondly, we estimate each selected model and

3 See also Creal et al. (2012) for more details.
* The lag selection results of short-run dynamics in ARFIMA models, with lag terms up to p=q=1,arenot

reported here but are available on request.
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calculate both Schwarz and Hannan-Quinn information criteria and the ARCH test
statistic.

The results of the model estimations by the Skewed Student-t maximum
likelihood method are shown in Table 5. For all studied series, the coefficients of the
five models are highly significant, especially the fractional integration parameters,
which are significant, positive and less than 1/2, indicating the presence of long-range
dependence in the first moments. These results imply that the efficient cryptocurrency
market hypothesis should be rejected. This result is consistent with Liang and Shujuan
(2020) and Cheah et al. (2018), who found that the Bitcoin markets are inefficient. The
evidence of persistence implies that cryptocurrency market returns are predictable over
the long term, and investors can anticipate their returns in a sufficiently long-term
horizon.

In addition, the estimated long memory coefficient of CAD is higher than that
of AUD, EUR, GBP and USD. This result may be explained by the existence of strong
persistence in this Bitcoin series. From the various diagnostic statistics, the ARFIMA-
AEGAS adaptation appear to be the most satisfactory representation to describe the
long-memory behavior of the five cryptocurrency markets in its first moment and the
leverage effects and occasional jumps in its second conditional moment. For all Bitcoin
series, the empirical results indicate a significant change in the persistence structure,
implying the presence of contagion effect. The asymmetric parameter } is negative

and statistically significant. Evidence regarding leverage effects implies that the bad
news (negative shocks) affect Bitcoin return volatility more compared to good news
(positive shocks). In other words, news has an asymmetric impact on the volatility of
cryptocurrencies: bad news or negative shocks give more rise than good news or
positive shocks.

This specification seems to be adequate to model the Bitcoin return series since
all the estimated models satisfy the regularity, significance and non-negativity
conditions for conditional variance. The ARFIMA-AEGAS residuals (see Figure 4)
are characterized by the absence of conditional heteroskedasticity: there are no
remaining ARCH effects in all the estimated models since the ARCH test statistics are
strictly less than the critical value of Fisher at 1% with 1 degree of freedom. In other
words, the correlogram displayed in Figure 6 shows the absence of serial correlation
for squared residuals since the autocorrelation coefficients are not statistically
significant for all lags. The conditional standard deviations, illustrated in Figure 4,
indicate the presence of sharp jumps. All the series exhibit high volatility spillover in
March 2020 when the countries in the world reported confirmed cases of COVID-19.
The crypto currencies were prone highly to severe bubbles. We also identify a long
and persistent relationship between these cryptocurrency markets, the global daily
Covid-19 cases and deaths. This relationship includes different levels of market
uncertainty.

Table 6 summarizes the adjusted Pearson goodness-of-fit test results for the
ARFIMA-AEGAS specification using Skewed Student-t maximum likelihood. We
compare the empirical distribution of the innovations with the theoretical one. In order
to carry out this testing procedure, it is necessary to first classify the residuals in cells
according to their magnitude (see Vlaar and Palm, 1997). We find good fitting results
from the ARFIMA-AEGAS with different cell numbers. We note that this model
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captures the dynamics of the daily Bitcoin series since the test does not reject the null
hypothesis of a correct specification (The critical probabilities are greater than the
significance level 0.05). On the other hand, the series of standardized residuals show
no dependence structure where the BDS statistics, reported in Table 7, are strictly less
than the critical value of normal distribution at the 5% level for all embedding
dimensions m. In addition, the autocorrelation function of residuals plotted in Figure 5

does not show significant evidence of the serial correlation for all lags.

Table 5 Skewed Student-t Maximum Likelihood Estimation — BFGS Algorithm

Parameters AUD
Model 1 Model 2 Model 3 Model 4 Model 5
d 0.1335 0.1348 0.1366 0.1304 0.1337
(4.342) (4.459) (4.580) (4.068) (4.033)
-0.1161 -0.1164 -0.1076
¢1 (-3.860) (-3.794) . (-3.812) )
9 ) } -0.1107 ) -0.1132
1 (-3.576) (-3.2440)
W 0.2392 } : 0.1001 3.1558
(2.486) (1.140) (1.023)
0.1624 0.1642 0.1660 0.0837 0.1154
al (7.371) (6.610) (6.730) (3.523) (4.6201)
0.9903 0.9996 0.9996
¢1 (135.1) (1530.1) (1310.2) . .
ﬂ } ) : 0.9042 0.8210
1 (64.18) (21.76)
5 } } : } 1.2031
(4.018)
4 ) } -0.1102 ) -0.1321
(-3. 0892) (-3.025)
5 -0.094 -0.103 -0.1102 -0.1051 -0.1008
(-2.746) (-3.053) (-3.085) (-2.138) (-2.099)
Tail 2.608 2.5456 2.5692 2.5133 2.2119
(16.00) (15.89) (16.50) (16.22) (9.636)
SC -4.2928 -4.2923 -4.2995* -4.2868 -4.2885
HQ -4.3043 -4.3088 -4.3111* -4.2999 -4.3000
ARCH(1) 0.5278 1.2741 0.2442 2.1492 2.0695
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Table 5 Skewed Student-t Maximum Likelihood Estimation — BFGS Algorithm Cont.

CAD
Parameters
Model 1 Model 2 Model 3 Model 4 Model 5
d 0.1378 0.1378 0.1382 0.1323 0.1302
(2.793) (3.021) (4.370) (3.217) (3.229)
¢ -0.1171 -0.1167 : -0.1478 )
1 (-3.937) (-3.632) (-3.448)
0 ) ) -0.1177 0.0914 )
1 (-3.287) (1.992)
W 2.2280 2.1341 2.8451 3.0478 2.4106
(2.394) (2.044) (2.8225) (3.078) (1.774)
a 0.1618 0.1021 0.2914 0.1352 0.1028
1 (7.313) (6.367) (6.118) (4.219) (4.664)
0.9921 0.9989 0.9989 ) )
¢1 (135.0) (765.7) (704.2)
ﬂ ) ) } 0.8389 0.6868
1 (26.45) (24.70)
1.2165
5 . . . . (3.045)
4 R ) -0.1020 ) -0.1254
(-2.833) (-3.187)
é: -0.1304 -0.1233 -0.1372 -0.1276 -0.1143
(-3.053) (-2.845) (-3.071) (-3.531) (-3.026)
Tail 2.5709 2.4574 2.5065 2.5116 2.456
(15.51) (9.217) (15.45) (9.783) (10.08)
SC -4.2839 -4.2749 -4.2947* -4.2679 -4.2722
HQ -4.2954 -4.2864 -4.3066" -4.2794 -4.2892
ARCH(1) 2.2389 2.8412 0.1226 2.0836 1.0982
EUR
Parameters
Model 1 Model 2 Model 3 Model 4 Model 5
d 0.1340 0.1388 0.1362 0.1378 0.1336
(2.698) (2.735) (2.636) (2.597) (2.596)
¢ -0.1178 } -0.1210 ) )
1 (-3.999) (-3.573)
0 ) -0.1258 : -0.1141 )
1 (6.217) (5.369)
w 0.2368 : : 0.2208 )
(2.437) (2.881)
a 0.1596 0.1964 0.1785 0.1405 0.1748
1 (7.380) (7.628) (5.621) (4.842) (4.686)
0.9914 0.9924 0.9992 ) )
¢1 (140.9) (748.1) (824.7)
IH ) ) } 0.8003 0.8010
1 (22.38) (21.61)
1.2227
5 ) . . ) (3.512)
4 ) ) -0.2381 ) -0.224
(-4.644) (-3.841)
5 -0. 1212 -0.1288 -0.1198 -0.1052 -0.1121
(-3.309) (-2.932) (-3.012) (-2.438) (-2.799)
Tail 2.5631 2.7259 2.8874 2.6820 2.7760
(15.30) (8.447) (9.472) (9.061) (8.962)
SC -4.2670 -4.2665 -4.2678* -4.2640 -4.2650
HQ -4.2769 -4.2754 -4.2788* 4.2739- -4.2744
ARCH(1) 3.6388 2.0031 1.5472 3.0271 3.0882
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Table 5 Skewed Student-t Maximum Likelihood Estimation — BFGS Algorithm Cont.

GBP
Parameters
Model 1 Model 2 Model 3 Model 4 Model 5
d 0.1415 0.1403 0.1399 0.1336 0.1337
(4.135) (4.760) (4.723) (4.422) (4.317)
¢ -0.1269 -0.1284 -0.1281 ) )
1 (-4.254) (-4.331) (-4.273)
] ) } } -0.1072 -0.1076
1 (-3.558) (-3.381)
W 0.2432 } : 0.1127 3.7197
(2.451) (1.113) (1.014)
a 0.1637 0.1638 0.1629 0.1012 0.0829
1 (7.060) (6.466) (6.059) (3.893) (5.839)
0. 9905 0.9996 0.9996 } }
(01 (129.7) (1775.0) (1261.0)
ﬂ _ } : 0.8204 0.9055
1 (62.60) (64.08)
5 ) } : _ 1.0511
(5.279)
4 } ) -0.1026 } -0.1179
(-5.531) (-3.050)
5 -0.1140 -0.1136 --0.1143 -0.1169 -0.1264
(-2.763) (-2.668) (-2. 857) (-2.639) (-2.722)
Tail 2.6484 2.5672 2.5663 2.6019 2.6488
(15.11) (15.12) (15.11) (16.27) (15.86)
SC -4.2598 -4.2600 -4.2620* -4.2517 -4.2552
HQ -4.2714 -4.2748 -4.2752* -4.2649 -4.2668
ARCH(1) 1.4401 1.3621 1.1662 0.2331 0.5523
usD
Parameters
Model 1 Model 2 Model 3 Model 4 Model 5
d 0.1370 0.1380 0.1318 0.1321 0.1321
(3.658) (4.123) (3.606) (2.855) (3.514)
¢ -0.1100 } : } }
1 (-3.726)
] ) -0.1088 -0.1110 -0.0952 -0.0987
1 (-3.437) (-3.411) (-3.123) (-3.404)
W 0.2403 } : 0.0879 4.4910
(2.399) (0.9702) (0.9234)
a 0.1505 0.1532 0.1521 0.1185 0.1258
1 (7.106) (8.362) (4.029) (3.817) (5.735)
0.9908 0.9916 0.9996 } }
2 (139.7) (730.6) (59.08)
ﬂ ) } } 0.8683 0.9221
1 (72.42) (74.62)
5 } } : } 0.9795
(4.617)
4 } } -0.1023 } -0.1287
(-3.024) (-3.024)
é: -0.1282 -0.1246 -0.1101 -0.1117 -0.1140
(-2.718) (-2.7001) (-2.729) (-2.297) (-2.675)
Tail 2.4825 2.5187 2.5506 2.5429 2.5726
(15.42) (15.22) (16.31) (16.74) (15.64)
SC -4.2321 -4.2341 -4.2366" -4.2235 -4.2270
HQ -4.2436 -4.2490 -4.2482* 4.2367 4.2385
ARCH(1) 2.5067 1.3695 0.8827 0.07061 0.2477

Notes: Model 1: ARFIMA-GAS. Model 2: ARFIMA-EGAS. Model 3: ARFIMA-AEGAS. Model 4: ARFIMA-
GARCH. Model 5: ARFIMA-APGARCH. The values in parentheses are the Student statistics. + indicates the

optimal Schwarz (SC) and the optimal Hannan-Quinn (HQ). S is the asymmetry parameter.



Figure 4 Residual Analysis for ARFIMA-AEGAS
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Table 6 Adjusted Pearson Chi-square Goodness-of-Fit Test on ARFIMA-AEGAS

Model
Series Cells (g) Statistic p-Value (g-1) p-Value (g-k-1)
40 40.7105 0.3950 0.1990
AUD 50 51.5053 0.3760 0.2036
60 53.6127 0.6736 0.4893
40 43.6841 0.2792 0.1011
CAD 50 48.0080 0.5133 0.2770
60 48.0548 0.8450 0.6667
40 32.5882 0.7560 0.5368
EUR 50 43.6027 0.6910 0.4457
60 54.1276 0.6553 0.4885
40 28.6743 0.8877 0.7261
GBP 50 43.0404 0.7123 0.5127
60 52.6404 0.7074 0.5269
40 23.7700 0.9739 0.9048
uUsD 50 45.8760 0.6005 0.3943
60 42.1511 0.9522 0.8791

Notes: g is the number of categories we consider p:i=1,2...,g the observed proportion of observations being in
the ith category and p/* the theoretical probability for an observation to be in the ith category. k is the number of
estimated parameters.
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Figure 5 Autocorrelation Plots of ARFIMA-AEGAS Residuals
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Table 7 BDS Test on Standardized Residuals

AUD CAD EUR
m m m
Stat. Prob. Stat. Prob. Stat. Prob.
2 0.768 0.442 2 0.768 0.442 2 0.621 0.534
3 0.674 0.500 3 0.674 0.500 3 0.483 0.628
4 0.015 0.987 4 0.015 0.9875 4 -0.185 0.852
5 0.314 0.753 5 0.314 0.753 ) 0.112 0.910
6 0.425 0.670 6 0.425 0.670 6 0.201 0.840
GBP uUsD
m m
Stat. Prob. Stat. Prob.
2 0.626 0.530 2 0.680 0.496
3 .3182 0.750 3] 0.539 0.589
4 -0.442 0.658 4 -0.091 0.927
5 -0.219 0.826 5 0.133 0.894
6 -0.078 0.937 6 0.212 0.832

Notes: The BDS statistics are calculated by the fraction of pairs method with € equal to 0.7. m represents the
embedding dimension.

5. Out-of-Sample Forecasting

As seen in the estimation results and post-estimation tests, the ARFIMA-
AEGAS model appears to fit the Bitcoin returns series well. However, to determine
which model provides a reasonable explanation of cyclical behavior of Bitcoin series,
we employ rolling-window forecasts (RWF) to evaluate forecasting accuracy using
three criteria on ARFIMA-GAS, ARFIMA-EGAS, ARFIMA-AEGAS, ARFIMA-
GARCH, ARFIMA-APGARCH for skewed Student-t distribution and the random
walk model. The rolling window forecast (RWF) chooses fixed initial sample
beginning from ¢=1,....,7 to fit all the competing models and identify the window

length. Out-of-sample forecast starts from the last observation 7' and the range of
estimation sequentially increase by one observation where our models are re-estimated
each time from s=1,....T+1. h step ahead out-of-sample forecast is calculated

starting with 7 +1 until no more % step ahead forecast can be computed. The three
loss functions used are mean square error (MSE), root mean square error (RMSE) and
mean absolute error (MAE) that is more robust to outliers and less sensitive to jumps
(See Hansen and Lunde, 2005; Preminger and Franck, 2007). We calculate the return
and the volatility forecasts, which are from June 11, 2024 to August 28, 2024. For the
conditional mean, the three criteria are defined as

H
MSE=H"Y (5, -r)’ (19)

t=1
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H
RMSE = /H-lz(g —r) (20)
t=1

MAE=H“§|;7,—;;| 1)
=1
For the conditional volatility, we ha\ie
MSE=H"' i(&f -o’) (22)
t=1
H
RMSE = \/H‘ PNCATE (23)
t=1

H
MAE=H"Y |6} -0} (24)
t=1

where H is the total number of predictions, o7 is the true volatility series (e.g. squared
return series) and 6-; is the predicted conditional volatility obtained from the GARCH

or GAS specifications.

For each series, all models are estimated using rolling window approach and
gauged by out-of-sample performance. The Skewed Student-t maximum likelihood
method has been employed to estimate parameters. The choice of window size for out-
of-sample forecasting is crucial but there is no satisfactory solution for the optimal
length. Nevertheless, to obtain robust estimates and avoid non-convergence problems,
we use large estimation size, especially in the applications of GARCH models (Peseran
and Timmerman, 2007; Inoue et al., 2014; Sahiner, 2022). Hence, we divide the sample
period into two samples in each frequency and a hold-out sample for the out-of-sample
forecast is chosen as a second half, with parameters estimated based on the first half
(Brooks, 1998; Sahiner, 2022).

In order to evaluate the predictive accuracy of two candidate models, we carry
out the Diebold-Mariano (Diebold and Mariano, 2002) approach for testing of the null
hypothesis of no difference for the equal forecast accuracies between two sets of
selected models based on loss functions. The Diebold-Mariano test is commonly used
in the empirical applications with different specifications (See for example Gilleland
and Roux, 2015; Coroneo and Iacone, 2018; Sahiner, 2022). The null hypothesis of
DM test is given as

H,:E(d)=0 25)
against the alternative hypothesis of one of the two forecasts have better accuracy
H :E()#0 (26)

where d =L(g,)-L(sy,) (27



The accuracy of each forecast is estimated by the loss function

L(e)=¢, (28)

For daily Bitcoin returns, &; represents the equation of difference between

actual value Yti t=1,2,...,T and predicted value ? ct=12,...,T. 1t is

it

noteworthy that the two loss functions L(gl z) and L(gzt) adopted for this study are

respectively the absolute-error and the Squared-error defined as

T
L&)=Y || (29)
t=1
T
L&)=Y & (30)
t=1

Thus, the Diebold-Mariano (DM) test statistic can be written as (See Sahiner,
2022)

v =—4 1 N 31

N&* /T

where 67 is a consistent estimator of the asymptotic variance of d \/T . We cannot
accept the null hypothesis of equal accuracy H| if | DM| >1.96, whereas the null

hypothesis A, can be accepted if | DM| <1.96.

Table 8 reports the out-of-sample forecast evaluation based on the rolling
window method .These results indicate that all the models beat the random walk. It is
also observed that the ARFIMA model with GAS, EGAS and AEGAS errors generally
outperforms the ARFIMA-GARCH and ARFIMA-APGARCH models estimated from
all the Bitcoin return series for both the conditional mean and conditional variance
equations. As shown in Table 8, the ARFIMA-GAS model estimated from the AUD
return series displays the minimum RMSE values, whereas the MAE is minimum for
the ARFIMA-GAS specification for the conditional mean equation using the CAD
return series. Regarding the EUR and GBP return series, the ARFIMA-EGAS model
seems to be appropriate for forecasting conditional mean since the prediction errors
are the smallest for MAE values. For the USD return series, the ARFIMA-APGARCH
model has clear superiority under RMSE criterion, whereas, the ARFIMA-AEGAS is
better than other specifications using the MSE loss function for all series. For the
conditional volatility, we generally find good predictive results from the ARFIMA-
AEGAS model. Contrarily, the ARFIMA-GARCH is the worst performing model in
terms of out-of-sample predictive accuracy using the rolling window method; it
produces the largest forecast errors. The ARFIMA-GARCH and ARFIMA-
APGARCH models do not allow detecting the outliers and occasional jumps to account
for the occurrence of large changes in volatility. The findings are relatively
consistent and conclusive that GAS family models perform best compared to the
GARCH, APGARCH and random walk specifications.
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Table 8 Comparison of Rolling Window Forecast Performance Measures

Conditional mean Conditional volatility

Model MSE RMSE MAE MSE RMSE MAE
AUD

ARFIMA-GAS 0.00287 0.05206 0.02545 0.00018 0.00818 0.01395
ARFIMA-EGAS 0.00288 0.05318 0.02532 0.00017 0.00818 0.01395
ARFIMA-AEGAS 0.00286 0.05294 0.02531 0.00016 0.00743 0.01394
ARFIMA-GARCH 0.00296 0.06124 0.02557 0.00023 0.00949 0.01411
ARFIMA-APGARCH 0.00291 0.05353 0.02528 0.00018 0.00947 0.01398
Random walk 0.02523 0.15210 0.21572 0.00653 0.07328 0.06321
CAD

ARFIMA-GAS 0.00297 0.05423 0.02815 0.00022 0.02135 0.00165
ARFIMA-EGAS 0.00298 0.05435 0.02817 0.00022 0.02129 0.00166
ARFIMA-AEGAS 0.00296 0.05412 0.02816 0.00021 0.02135 0.00164
ARFIMA-GARCH 0.00315 0.06353 0.02932 0.00022 0.04427 0.00338
ARFIMA-APGARCH 0.00297 0.05446 0.02819 0.00021 0.02145 0.00368
Random walk 0.02346 0.25060 0.25321 0.00623 0.23446 0.04335
EUR

ARFIMA-GAS 0.00356 0.05058 0.02618 0.00143 0.02883 0.01439
ARFIMA-EGAS 0.00455 0.05042 0.02617 0.00143 0.02879 0.01444
ARFIMA-AEGAS 0.00354 0.05039 0.02618 0.00142 0.02877 0.01442
ARFIMA-GARCH 0.00362 0.06953 0.02632 0.00161 0.03727 0.01458
ARFIMA-APGARCH 0.00358 0.05075 0.02619 0.00142 0.02888 0.01443
Random walk 0.04741 0.28143 0.19523 0.00165 0.33659 0.09830
GBP

ARFIMA-GAS 0.00584 0.07903 0.02258 0.00159 0.03298 0.01243
ARFIMA-EGAS 0.00584 0.07981 0.02256 0.00159 0.03289 0.01231
ARFIMA-AEGAS 0.00583 0.07988 0.02258 0.00158 0.03278 0.01227
ARFIMA-GARCH 0.00591 0.08329 0.02282 0.00216 0.04266 0.01447
ARFIMA-APGARCH 0.00586 0.07988 0.02262 0.00162 0.03375 0.01244
Random walk 0.05822 0.32813 0.22236 0.00385 0.24689 0.07221
usb

ARFIMA-GAS 0.00367 0.06169 0.02687 0.00146 0.02298 0.01449
ARFIMA-EGAS 0.00367 0.06160 0.02686 0.00146 0.02973 0.01442
ARFIMA-AEGAS 0.00366 0.06150 0.02685 0.00145 0.02970 0.01439
ARFIMA-GARCH 0.00394 0.07933 0.02697 0.00147 0.03191 0.01515
ARFIMA-APGARCH 0.00371 0.06109 0.02689 0.00146 0.02973 0.01457
Random walk 0.04234 0.28702 0.21892 0.00245 0.31552 0.10477

Notes: The table presents results from estimating of returns and volatility for each model. Numbers in bold
demonstrate the minimum forecast error (good preferred model).

In order to evaluate the predictive accuracy of the selected models, we can use
also the Diebold-Mariano (DM) test. The results of Table 9 seem to suggest that the
GAS specifications dominate in all the Bitcoin series for rolling window method. The
ARFIMA-GARCH, ARFIMA-APGARCH and random walk models are excluded
suggesting that they forecast significantly less accurately than GAS-type models



estimated on Bitcoin returns. The ARFIMA-GARCH and ARFIMA-APGARCH
models specifically capture the long-memory in their first conditional moments but
completely neglect the outliers and occasional jumps in their second conditional
moments. A large part of the pairwise comparisons show that the forecasting accuracy
of one of the selected models is better based on the values of MAE and RMSE criteria.
The null hypothesis of equal accuracy of the two models is strongly rejected (the p-
values are less than 0.05). According to Table 10, which reports the performance
ranking of six competing models, it is indicated that the ARFIMA-AEGAS model is
clearly superior for both the conditional mean and conditional variance equations,
followed by the ARFIMA-GAS model. We also observe that the ARFIMA-EGAS
model ranked third in terms of predictive ability. However, the ARFIMA-GARCH and
random walk models do not provide any accurate forecast values and are therefore the
worst performers suggesting that they forecast significantly less accurately than GAS-
type models fitted to daily Bitcoin returns. These results are consistent with Babatunde
et al. (2021) and Xu and Lien (2022).

Overall, the ARFIMA-AEGAS specification tends to be superior model
compared to all the other computing techniques under RMSE and MAE loss functions
using the rolling window forecast. This model briefly captures the long-term
dependence pattern by allowing the fractional integration order of the conventional
Autoregressive moving average (ARMA) models in the conditional mean equation and
allows detecting the leverage effect, jumps and tail asymmetry in the Student-t
distribution. Consequently, the price movements appear as the result of lasting shocks
that affect the Bitcoin markets. The shock of returns is persistent in the long term and
the volatility exhibits nonlinearity and asymmetry effects with jumps.
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Table 10 Summary of Performance Ranking of the Candidate Models for Daily
Bitcoin Series — Rolling Window

Loss function MAE RMSE TOTAL
Candidate models Best Worst Best Worst Best Worst
ARFIMA-GAS 2 8 3 7 5 15
ARFIMA-EGAS 2 8 1 9 3 17
ARFIMA-AEGAS 5 5 5 5 10 10
ARFIMA-GARCH 0 10 0 10 0 20
ARFIMA-APGARCH 1 9 1 9 2 18
Random walk 0 10 0 10 0 20

Notes: The “Best” and “Worst” columns indicate the number of times that the chosen model is ranked as the best or the
worst based on the MAE and RMSE criteria. The TOTAL column summarizes the total number of times a forecasting model
as the best (worst).

6. Conclusions

In this paper, we have combined path-dependence nature of cryptocurrency
price with asymmetric volatility estimated and characterized by jumps. An ARFIMA
model with skewed-Student AEGAS errors, we argued, has the potential to capture
long-range persistence in the conditional mean and asymmetric jumps and volatility
clustering in the conditional variance. This model offers better features of the dynamic
volatilities and exploits nonlinear and asymmetric structures to model the existence of
time-varying parameters. In this regard, we use the scaled score of the likelihood
function. In addition, the asymmetric exponential GAS model serves as an extension
of the GARCH family models, which assume that the conditional distribution does not
vary over time. It exploits the full likelihood of information. Taking a local density
score step as a driving mechanism, the time-varying parameters increase and produced
a clear indication of a leptokurtic behavior and a heavy tails in the financial series.

Our empirical study focused on the behavior of the time-varying parameter by
estimating the ARFIMA-AEGAS model with the Skewed Student-t maximum
likelihood. The ARFIMA-AEGAS model shows a clear superiority over all the other
models using the Diebold-Mariano approach based on the rolling window forecast.
Specifically, the forecasts of the ARFIMA-AEGAS model show a clear improvement
compared to the random walk model. The observed movements appear as the result of
lasting and asymmetric shocks, which affect these cryptocurrency markets. The
presence of a long memory indicates that agents can anticipate their Bitcoin returns to
a sufficiently long time horizon, indicating the existence of market imperfections,
behavioral biases or some economic and financial events. Hence, the asymmetric
exponential GAS process can capture volatility clustering for both negative and
positive returns, taking into account the long memory structure in the conditional mean
and asymmetric dynamics with jumps in the conditional volatility.

Different extensions of short memory GARCH and GAS models are applied in
several empirical studies but they do not capture the long memory structure in the
conditional variance. Janus et al. (2014) proposed the FIGAS model to estimate and
predict the conditional volatility. It is particularly interesting to extend and apply those
models to allow for the long-memory component with occasional jumps. A comparison
of our proposed model with those extensions, such as the ARFIMA model with FIGAS
or FIAGAS is out of the scope of this paper and remains for the future work. Moreover,



we considered the Skewed Student-t maximum likelihood as an estimation method for
the ARFIMA-AEGAS model. However, Zhu and Galbraith (2010) and Zhu and Zinde-
Walsh (2009) showed that the asymmetric Student-t distribution (ASTD) and
asymmetric exponential power distribution (AEPD) are better distribution
specification of innovation terms. Future researches can test the performance of our
model using the AST distribution. It is not only heavy-tailed and highly peaked, but in
addition allow for a full tail asymmetry, taking into account two tail parameters and
one skewness parameter.

82 Finance a uvér-Czech Journal of Economics and Finance, 76,2026 no. 1



REFERENCES

Andrews D, Guggenberger P (2003): A Bias--Reduced Log--Periodogram Regression Estimator for
the Long--Memory Parameter, Econometrica, 71(2):675-712.

Babatunde O, Folorunso S, Saliu F (2021): Comparative Forecasting Performance of GARCH and
GAS Models in the Stock Price Traded on Nigerian Stock Exchange. International Journal of
Mathematical Modelling & Computations, 11(2):0-0.

Babatunde OT, Yaya OS, Akinlana D M (2019): Misspecification of Generalized Autoregressive
Score Models: Monte Carlo Simulations and Applications. International Journal of Mathematics
Trends and Technology, 65(3):72-80.

Blasques F, Koopman SJ, Lucas A (2014a): Stationarity and Ergodicity of Univariate Generalized
Autoregressive Score Processes. Electronic Journal of Statistics, 8:1088—1112.

Blasques F, Koopman SJ, Lucas A (2014b): Optimal Formulations for Nonlinear Autoregressive
Processes. Tinbergen Institute Discussion Paper, T1:14-103/111.

Blasques F, Koopman SJ, Lucas A (2014c): Maximum Likelihood Estimation for Correctly Specified
Generalized Autoregressive Score Models: Feedback Effects, Contraction Conditions and Asymptotic
Properties. Tinbergen Institute Discussion Paper, T1:14-074/111, Tinbergen Institute.

Bollerslev T (1986): Generalized Autoregressive Conditional Heteroskedasticity. Journal of
Econometrics, 31:307-327.

Brock WA, Dechert WD, Scheinkman JA, LeBaron B (1996): A Test for Independence Based on the
Correlation Dimension. Econometric Reviews, 15: 197-235.

Brooks C (1998): Predicting Stock Index Volatility: Can Market Volume Help? Journal of
Forecasting, 17(1):59-80.

Broyden CG (1970): The Convergence of a Class of Double-rank Minimization Algorithms. Journal
of the Institute of Mathematics and Its Applications, 6:76-90.

Charles A, Darné O (2017): Forecasting Crude-Oil Market Volatility: Further Evidence with Jumps.
Energy Economics, 67(C):508-519.

Cheah E, Mishra T, Parhi M, Zhang Z (2018): Long Memory Interdependency and Inefficiency in
Bitcoin Markets. Economics Letters, 167(C):18-25.

Chikhi M, Péguin AF, Terraza M (2013): SEMIFARMA-HY GARCH Modeling of Dow Jones Return
Persistence. Computational Economics, 41(2):249-265.

Coroneo L, lacone F (2018): Comparing Predictive Accuracy in Small Samples Using Fixed-
Smoothing Asymptotics. SSRN, 2893180.

Creal D, Koopman SJ, Lucas A (2013): Generalized Autoregressive Score Models with Applications.
Journal of Applied Econometrics, 28(5):777-795.

Creal D, Schwaab B, Koopman SJ, Lucas A (2014): Observation-Driven Mixed-Measurement
Dynamic Factor Models with an Application to Credit Risk. Review of Economics and Statistics,
96(5): 898-915.

Diebold FX, Mariano RS (2002): Comparing Predictive Accuracy. Journal of Business and Economic
Statistics, 20(1): 134-144.

Ding Z, Granger C, Engle R (1993): A Long Memory Property of Stock Market Returns and a New
Model. Journal of Empirical Finance, 1(1):83-106.

Elliott G, Rothenberg TJ, Stock JH. (1996): Efficient Tests for an Autoregressive Unit Root.
Econometrica, 64:813-836.

Engle R (1982): Autoregressive Conditional Heteroscedasticity with Estimates of the Variance of
United Kingdom Inflation. Econometrica, 50(4):987-1007.

Fernandez C, Steel MFJ (1998): On Bayesian Modeling of Fat Tails and Skewness. J. Amer. Stat.
Assoc., 93:359-371.

Fletcher R (1970): A New Approach to Variable Metric Algorithms. Computer Journal, 13: 317-322.


https://ideas.repec.org/a/eee/ecolet/v167y2018icp18-25.html
https://ideas.repec.org/a/eee/ecolet/v167y2018icp18-25.html
https://ideas.repec.org/s/eee/ecolet.html

Geweke J, Porter-Hudak S (1983): The Estimation and Application of Long-Memory Time Series
Models. Journal of Time Series Analysis, 4:221-238.

Gillaizeau M, Jayasekera R, Maaitah A, Mishra T, Parhi M, Volokitina E (2019): Giver and the
receiver: Understanding spillover effects and predictive power in cross-market Bitcoin prices.
International Review of Financial Analysis, 63(C):86-104.

Gilleland E, Roux G (2015): A New Approach to Testing Forecast Predictive Accuracy.
Meteorological Applications, 22(3):534-543.

Glosten LR, Jagannathan R, Runkle DE (1993): On the Relation between the Expected Value and the
Volatility of the Nominal Excess Return on Stocks. Journal of Finance, 48(5):1779-1801.

Goldfarb D (1970): A Family of Variable Metric Updates Derived by Variational Means.
Mathematics of Computation, 24 23-26.

Gonzalez-Rivera G (1998): Smooth Transition GARCH Models. Studies in Nonlinear Dynamics,
Econometrics, 3:61-78.

Granger CWJ, Joyeux R (1980): An Introduction to Long-Memory Time Series Models and Fractional
Differencing. Journal of Time Series Analysis, 1(1):15-29.

Hagerud GE (1997a): A New Non-Linear GARCH Model. PhD Dissertation, Stockholm School of
Economics, Sweden.

Hannan EJ, Quinn BG (1979): The Determination of the Order of an Autoregression. Journal of the
Royal Statistical Society, B (41):190—-195.

Hansen B (1994): Autoregressive Conditional Density Estimation. International Economic Review,
35(3):705-30.

Hansen PR, Lunde A (2005): A Forecast Comparison of Volatility Models: Does Anything Beat a
GARCH(1,1)? Journal of Applied Econometrics, 20:873—889.

Hansen PR, Lunde A, Nason JM (2011): Model Confidence Sets for Forecasting Models.
Econometrica, 79:453-497.

Harvey A, Chakravarty T (2008): Beta-t-(EYGARCH. Cambridge Working Papers in Economics,
Faculty of Economics, University of Cambridge.

Harvey A, Sucarrant G (2014): EGARCH Models with Fat Tail, Skewness and Leverage.
Computational Statistics and Data Analysis, 76(3):320-338.

Harvey AC (2013): Dynamic Models for Volatility and Heavy Tails. Cambridge Books, Cambridge
University Press, Cambridge.

Hosking JRM (1981): Fractional Differencing. Biometrika, 68:165-176.

Huang Z, Wang T, Zhang X (2014): Generalized Autoregressive Score Model with Realized Measures
of Volatility. Working Papers Series.

Inoue A, Jin L, Rossi B (2014): Window Selection for Out-Of-Sample Forecasting with Time-Varying
Parameters (No. 10168). CEPR Discussion Papers.

Janus P, Koopman SJ, Lucas A (2014a): Long Memory Dynamics for Multivariate Dependence under
Heavy Tails, Journal of Empirical Finance, 29:187-206.

Jarque CM, Bera AK (1987): A Test for Normality of Observations and Regression Residuals.
International Statistical Review, 55 (2):163—-172.

Jeribi A, Ghorbel A (2021): Forecasting Developed and BRICS Stock Markets with Cryptocurrencies
and Gold: Generalized Orthogonal Generalized Autoregressive Conditional Heteroskedasticity and
Generalized Autoregressive Score Analysis. International Journal of Emerging Markets, 17(9):2290-
2320.

Jiang K, Zeng L, Song J, Liu Y (2022): Forecasting Value-at-Risk of Cryptocurrencies Using the
Time-Varying Mixture-Accelerating Generalized Autoregressive Score Model. Research in
International Business and Finance, 61(C):101634.

84 Finance a uvér-Czech Journal of Economics and Finance, 76,2026 no. 1



Koopman SJ, Lucas A, Scharth M (2016): Predicting Time-Varying Parameters with Parameter-
Driven and Observation-Driven Models. Review of Economics and Statistics, 98(1):97-110.

Kwiatkowski D, Phillips PCB, Schmidt P, Shin Y. (1992): Testing the Null Hypothesis of Stationarity
against the Alternative of a Unit Root. Journal of Econometrics, 54:159-178.

Liang W, Shujuan C (2020): Long Memory and Efficiency of Bitcoin under Heavy Tails. Applied
Economics, vol. 52(48):5298-5309.

Lambert P, Laurent S (2000): Modelling Skewness Dynamics in Series of Financial Data. Discussion
Paper, Institut de Statistique, Louvain-la-Neuve.

Lambert P, Laurent S (2001): Modelling Financial Time Series Using GARCH-Type Models and a
Skewed Student Density. Mimeo, Université de Licge.

Laurent S, Lecourt C, Palm F (2016): Testing for Jumps in Conditionally Gaussian ARMA-GARCH
Models, a Robust Approach. Computational Statistics, Data Analysis, 100(C):383-400.

Laurent, S (2013): Estimating and Forecasting ARCH Models Using G@RCH 7. London: Timberlake
Consultants Press.

Mai AT, Bastin F (2014): On Optimization Algorithms for Maximum Likelihood Estimation.
Working paper, CIRRELT-2014-64.

Makatjane KD, Xaba LD, Moroke ND (2017): Application of Generalized Autoregressive Score
Model to Stock Returns. International Journal of Economics and Management Engineering, 11(11).

Muela SB (2015): Evaluating an EGARCH Model with Fat Tails, Skewness and Leverage in
Forecasting VaR. Journal of Contemporary Management, 4(3):67-80.

Miiller F, Bayer F (2017): Improved Two-Component Tests in Beta-Skew-t-EGARCH Models.
Economics Bulletin, 37(4):2364-2373.

Nelson DB (1990): Stationarity and Persistence in the GARCH(1,1) Model, Econometric Theory,
6(3):318-334.

Olanrewaju RO, Olanrewaju SA, Isamot OW (2023): Hyper-Parametric Generalized Autoregressive
Scores (GASs): An application to the Price of United States Cooking Gas. Statistics in Transition new
series, 24(4):93-107.

Olubusoye O, Yaya O (2016): Time Series Analysis of Volatility in the Petroleum Pricing Markets:
the Persistence, Asymmetry and Jumps in the Returns Series. OPEC Energy Review, 40(3):235-262.

Opschoor A, Janus P, Lucas A, Van Dijk D (2018): New Heavy Models for Fat-Tailed Realized
Covariances and Returns. Journal of Business and Economic Statistics, 36(4):643--657.

Pesaran MH, Timmermann A (2007): Selection of Estimation Window in the Presence of Breaks.
Journal of Econometrics, 137(1):134-161.

Phan DHB, Sharma SS, Narayan PK (2015): Stock Return Forecasting: Some New Evidence.
International Review of Financial Analysis, 40:38-51.

Phillips PCB, Perron P. (1988): Testing for a Unit Root in Time Series Regression. Biometrika,
75(2):335-346.

Preminger A, Franck R (2007): Forecasting Exchange Rates: A Robust Regression Approach.
International Journal of Forecasting, 23:71-84.

Ranjbar MR  (2020): GARCH and GAS: Comparison of Volatility Models
for Bitcoin in Different Exchanges. Master’s Thesis in Finance. Department of Finance, University
of Gothenburg.

Robinson PM, Henry M (1999): Long and Short Memory Conditional Heteroscedasticity in
Estimating the Memory Parameter of Levels. Econometric theory, 15 (3):299-336.

Robinson PM (1995): Gaussian Semiparametric Estimation of Long Range Dependence. Annals of
Statistics, 24:1630-1661.

Sahiner M (2022): Forecasting Volatility in Asian Financial Markets: Evidence from Recursive and
Rolling Window Methods. SN Business & Economics, 2:157.


https://ideas.repec.org/s/taf/applec.html
https://ideas.repec.org/s/taf/applec.html

Salisu A (2016): Modelling Oil Price Volatility with the Beta-Skew-t-EGARCH Framework.
Economics Bulletin, 36(3):1315-1324.

Schwarz G (1978): Estimating the Dimension of a Model. Annals of Statistics, 6:461-464.

Shanno DF (1970): Conditioning of Quasi-Newton Methods for Function Minimization. Mathematics
of Computation, 24:647-656.

Tafakori L, Pourkhanali A, Fard FA (2018): Forecasting Spikes in Electricity Return Innovations,
Energy, 150(C):508-526.

Theodossiou P (2002): Skewness and Kurtosis in Financial Data and the Pricing of Options. Working
paper, Rutgers University.

Troster V, Tiwari AK, Shahbaz M, Macedo DN (2019): Bitcoin Returns and Risk: A General GARCH
and GAS Analysis. Finance Research Letters, 30:187-193.

Vlaar PJG, Palm FC (1997): Inflation Differentials and Excess Returns in the European Monetary
System. Journal of International Financial Markets, Institutions and Money, 7(1):1-20.

XuY, Lien D (2022): Forecasting Volatilities of Oil and Gas Assets: A Comparison of GAS, GARCH,
and EGARCH Models. Journal of Forecasting, 41(2):259-278.

Yang Y (2022): A Robust BFGS Algorithm for Unconstrained Nonlinear Optimization Problems.
Optimization, 73(3):851-873.

Yaya OS, Gil-Alana LA (2014): The Persistence and Asymmetric Volatility in the Nigerian Stocks
Bull and Bear Markets. Economic Modelling, 38:463-469.

Yaya OS, Bada AS, Atoi NV (2016): Volatility in the Nigerian Stock Market: Empirical application
of Beta-t-GARCH variants. CBN Journal of Applied Statistics, 7(2):26-48.

Yaya OS (2013): Nigerian Stock Index: A Search for Optimal GARCH Model using High Frequency
Data. CB of Nigeria Journal of Applied Statistics, 4(2):69-85.

Yi Y, Ma F, Zhang Y, Huang D (2019): Forecasting Stock Returns with Cycle-Decomposed
Predictors. International Review of Financial Analysis, 64(C):250-261.

Zakoian JM (1994): Threshold Heteroskedastic Models. Journal of Economic Dynamics and Control,
18(5):931-955.

Zhu D, Galbraith JW (2010): A Generalized Asymmetric Student-t Distribution with Application to
Financial Econometrics. Journal of Econometrics, 157:297-305.

Zhu DM, Zinde-Walsh V (2009): Properties and Estimation of Asymmetric Exponential Power
Distribution. Journal of Econometrics, 148:86-99.

86 Finance a uvér-Czech Journal of Economics and Finance, 76,2026 no. 1


https://ideas.repec.org/s/eee/intfin.html

	6. Conclusions

